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Abstract 

The invariant integration method for Chern-Simons theory for 
gauge group SU (2) and manifold T\H 3 is verified in the semiclas- 
sical approximation. The semiclassical limit for the partition function 
associated with a connected sum of hyperbolic 3-manifolds is pre- 
sented. We discuss briefly I?— analytical and topological torsions of 
a manifold with boundary. 



1 Introduction 

It is known that topological invariants associated with 3-manifolds can be 
constructed within the framework of Chern-Simons gauge theory These 
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values were specified in terms of the axioms of topological quantum field the- 
ory , whereas equivalent derivation of invariants was also given combinato- 
rially in 0, £| , where modular Hopf algebras related to quantum groups have 
been used. The Witten's (topological) invariants have been explicitly calcu- 
lated for a number of 3-manifolds and gauge groups |J || ^, |], ||, [TT], [12 



The semiclassical approximation for the Chern-Simons partition function 
Zyy(k) can be given by the asymptotic k — > oo of Witten's invariant of a 
3-manifold M and a gauge group G. Typically this expression is a partition 
function of quadratic functional. The asymptotic leads to a series of C°° — 
invariants associated to triplets {M; F; £} with M a smooth homology 3— 
sphere, F a homology class of framings of M, and £ an acyclic conjugacy class 
of ortogonal representations of fundamental group iri(M) JIB] . In addition 



the cohomology H(M; Ad^) of M with respect to the local system related to 
Ad£ vanishes. Description of an invariant of rational homology 3— spheres 
can be found in (TJ, |TJ, 

This note is an extension of the previous paper [fT^] . Our aim here will be 



to use the invariant integration method [Tj| |TJ|] in its simplest form for the 
semiclassical approximation in Chern-Simons theory. We do this analysing 
the partition function as well as the partition function related to a connected 
sum of hyperbolic 3-manifolds. The resulting expressions are evaluated for 
gauge group SU(2) and manifold M = T\H 3 , where H 3 is the Lobachevsky 



space and T is a co-compact discrete group of isometries (see for detail p0| ). 



In Sect. 2 we review the semiclassical approximation, involving the par- 
tition function and the canonical elliptic resolvent of a quadratic functional. 
The explicit calculation of the Chern-Simons partition function with gauge 
group SU (2) is presented in Sect. 3. In Sect. 4 we discuss the L 2 — topological 
torsion of a compact manifold with boundary. The semiclassical approxima- 
tion for the partition function relating to a connected sum of hyperbolic 3— 
manifold is calculated in Sect. 5. Sect. 6 contains some remarks in summary. 

2 The Semiclassical Approximation for the 
Partition Function 

The partition function associated to Chern-Simons gauge theory has the form 
Z w (k) = J VAexp[ikCS(A)}, k G Z, (2.1) 
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where 



A AdA+ -A A A A A 



(2.2) 



The quantity Zw{k) is a (well-defined) topological invariant of M. The 
formal integration in (2.1) is over the gauge fields A in a trivial bundle, i.e. 
1-forms on a 3- dimensional manifold M with values in Lie algebra g of gauge 
group G = SU(N). 

In the limit k — > oo Eq. (2.1) is given by its semiclassical approximation, 
involving only partition functions of quadratic functionals JE]: 



In Eq. (2.3) the sum is taken over representatives Ag for each point [Ag] in 
the moduli-space of flat gauge fields on M. In addition, B is Lie-algebra- 
valued 1-form and d Ae is the covariant derivative determined by Ag, namely 
d Ae B = dB+ [Ag, B]. We shall use the invariant integration method |Tj| [TJJ, 
which enables the partition functions in Eq. (2.3) to be evaluated in complete 
generality. 

Let X be a compact oriented Riemannian manifold without boundary, 
and dim(X) = (2m + 1) is the dimension of manifold. A quadratic func- 
tional (like functional (2.4)) can be defined on the space Q = Q(X,£) of 
smooth sections in a real Hermitian vector bundle £ over X. Let D q de- 
note the restriction of a flat connection map D on the space Q(X,£) of 
differential forms on X with values in £ to the space Q q (X, £) of g-forms 
and H q {X;^) = H q (D) = ker(D q ) [$s(D q _i)]~ are the cohomology spaces. 
One can construct the inner products (• , -) m in the space Q m (X, £) and the 
quadratic functional on this space, Su(B) = (B, *DB) m , (*) is the Hodge- 
star map. A canonical topological elliptic resolvent R(Se>) for the quadratic 
functional can be written as follows: 



i — — fi°(M,0 A ... V^ 2 n m -\M,0 V^ 1 ker(S D ) 0. (2.5) 

From Eq. (2.5) it follows that for the resolvent R(Sd) we have Q q = Q m ~ q (X, £) 
and H q (R(S D )) = H m ~ q (D). Note that S > and therefore ker(S D ) = 



5>xp[ifcCS(A e )] / VBexp[ikCS%(B)] 



(2.3) 




(2.4) 



ker(D m ). 
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Let X = M be a closed hyperbolic 3-manifold, G a compact simple Lie 
group, g the Lie algebra of G. The inner products in the space Q q (M, g) of 
g— valued q-forms naturally can be chosen as (B, *d Ae B), D\ = *d A °. Thus 
the canonical elliptic resolvent for quadratic functional (2.4) takes the form: 

i— > fi°(M, g) S\ ker(df e ) .— > 0, (2.6) 

and the resolvent has cohomology spaces H°(R(S)) = if 1 (<i j4e ), if 1 (i?(S')) = 
H°(d A °). 



3 Gauge Group G = 577(2) 

The invariant integration method |18| leads to the following expression for 



the Chern-Simons partition function 21, 19 



Z sc {k) = j M V[A e ]V g {H Ae )-^^ kS ^) Uj±\ [T an (M)] 1/2 , 

(3.1) 

where T an (M) is the Ray-Singer analytic torsion of Di [^2J, rj(Ag) and ((A g ) 
are the analytic continuations to s = of the eta and the zeta functions 
respectively gg, t(A g ) = dimH°(A e )-dimH 1 (A e ) and Hi(A e ) the q-th 
cohomology space of d A °. 

Let G = SU(2) and M = T\H 3 . A convenient choise of orthogonal basis 
(determing a left invariant metric on SU(2)) for g = su(2) is 

ai = l{Vo)> aa = ^(-°io)' a * = \{o -°i)> (3 - 2) 

then it follows A = 1/2. We define U(l) G SU(2) by |5| 

17(1) d = f = ( fj.e ) \6 G [0,4vr[| . (3.3) 

For any U(l) flat connection on a manifold with Betti number b\(M) = we 
have 

H Ag = U(l), dimH° Ag = diuiH Ag = 1, dimH Ag = 0, (3.4) 
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while for trivial 577(2) connection, 

H Ae = SU{2), dimH Aff = dimH Ag = 3, dimH\ g = 0, (3.5) 

andC(O) = 3-0 = 3. The volumes of 17(1) and 577(2) are equal to V(U(1)) = 
4ir and V(SU(2)) = 16n 2 respectively. Thus we get 



Z ac (k) 



M 



vev{su{2)) 



-1 inkS(0)/4 



4tt 2 



-C(0)/2 



[T an (M)] 1/2 



s/2vk^ 2 [T an {M)} 



1/2 



(3.6) 



Using the Hodge decomposition, the cohomology H(X; £) can be embed- 
ded into Q(X; £) as the space of harmonic forms. This embedding induces a 
norm | ■ \ RS on the determinant line deti7(X; £). The Ray-Singer norm 



\RS 



on detH(X; f ) is defined by @ 

dimX 

|| . ^RSdg | _ | j-j- 
q=0 



exp 



ds (q 



s=0 



(-l)*q/2 



(3.7) 



where the zeta function Cj( s ) °f the Laplacian acting on the space of q— 
forms orthogonal to the harmonic forms has been used. For a closed con- 
nected orientable smooth manifold of odd dimension and for Euler structure 
f] G Eul(X) the Ray-Singer norm of its cohomological torsion T an (X;i]) = 
T an (X) G deti7(X;£) is equal to the positive square root of the absolute 
value of the monodromy of £ along the characteristic class c{rj) G H X (X) 
H|: \\T an (X)\\ RS = (det^)! 1 / 2 . In the special case where the flat bundle f 
is acyclic (H q (X; £) = 0) we have 



dimX 

[T an (X)] 2 =|det^)| n 

q=0 



exp 



(-i) 



9 + 1, 



(3.8) 



For odd-dimensional manifold the Ray-Singer norm is topological invariant: 
it does not depend on the choice of metric on X and £, used in the construc- 
tion. But for even- dimensional X this is not the case |25| . 
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4 Manifold with Boundary 



The topological Chern-Simons action on a manifold with boundary is 



CS(A) = —f Tr (AAdA + -A A A A A) + — [ Tr A Z A- Z . (4.1) 

47T JM \ 3 / AlX JdM 

For closed manifold the boundary term in Eq. (4.1) disappears and the 
integrand in Eq. (2.1), exp(ikC S (A)) , is gauge invariant. This invariance 
is broken for manifold with boundary since under the decomposition A = 
g-^g + g^ig the action becomes |26|, |7|: CS(A) = CS(A) + I wzw (g,A z ), 
where the action Iwzw(g, A z ) of a chiral WZW model on the boundary dM 
is given by 

I wzw (g, A z ) = -i- / Tr (g^gg-^g - 2g- 1 d- zg A z ) + -±- / Tr (g-^g 

47T JdM V 7 127T JM V 

(4-2) 

The gravitational analog of the WZW action is especially difficult to con- 
struct. Gravity is not quite a pure Chern-Simons theory, however for Eu- 
clidean gravity in three spacetime dimensions with negative cosmological con- 
stant A = -1 one can define an SL(2, C) gauge field A a = uj a + ie a , A a d = 
uj a — ie a , where e a = e^dx^ is a triad and u a = {l/2)e abc uj^ c dx^ is a spin 
connection. The standard Einstein action then is easily found to be 

I GR = CS(A)-CS(A). (4.3) 

It has been shown however [^, that the covariant Chern-Simons ac- 
tion supplemented with boundary conditions A s = A z = does not require 
any boundary terms. Nevertheless, in this case the analytic torsion of a Rie- 
mannian compact manifold with boundary has to be computed. We recall 
here the definition of L 2 — analytic torsion (see also |3(], |3"T]). Let X i— ► X 
be the universal covering of a compact connected Riemannian manifold X, 
which is of determinant-class. Define the L 2 — analytic torsion of X by 



r£>(*)^E(-i)«g 



9 >o dsT(s) Jo 



1 ' /ViTrre-^WU 
Jo 

+ [°° Tr r e~ tA «W-] . (4.4) 
Ji t 
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Here A g [A"] is the Laplacian on q— forms on the universal covering X con- 
sidered as an unbounded self-adjoint operator, [X] is the operator from 
the orthogonal complement of the kernel of AJA*] to itself which is obtained 
from Ag[Vf] by restriction, and Tip exp(—tA^[X}) is the normalized trace for 
the T = 71"! (X)— action (see for detail ||32|| ). The first integral in Eq. (4.4) 
is defined for 9fts > (dimX)/2, but it has a meromorphic extension to the 
complex plane C with no pole in s = 0. The second integral converges since 
X is of determinant-class by assumption. Let {g«}o<«<i be a smooth family 



of Riemannian metric on X. Let set V q = V q (g u ) = ^t*q(gu) 
can be shown |33], that analytic torsion T an (X) = T an (X;g u ) and L 2 - 
analytic torsion T^(X) = T^(X; g u ) are smooth function of w, whereas 

[l$S(X) - Tan(X)} = (TrrVffltarAM - Tr r K| kcrA[x] 



*q(gu) ■ L 



u=Q 

Q 



(4.5) 

d = El" 1 ) 9 - Trr^| kcr A M ) • (4.6) 



du 



du 

Let X be a compact connected manifold with boundary whose interior X 
comes with a complete hyperbolic metric of finite volume. It can be shown 
[ 32]| that the L 2 - topological torsion of X and the L 2 -analytical torsion of 



Riemannian manifold X are equal. The L 2 - topological torsion T^p(M) in 
dimension 3 is proportional to the hyperbolic volume of M, with a con- 
stant of proportionality which depends only on the dimension |}2, [34}| . This 



gives a complete calculation of the L 2 - topological torsion of a compact L 2 - 
acyclic 3-manifolds which admit a geometric JSJT- decomposition, i.e. the 
decomposition of Jaco-Shalen and Johannson by a minimal family of pair- 
wise non-isotopic incompressible not boundary-parallel embedded 2-tori into 
Seifert pieces and atoroidal pieces. Moreover, there is a dimension con- 
stant C N H such that T$(X) = C N ■ vol(M), and C N = for N even, 
C 3 = -l/(37r),C B = -3/(7r 2 ),C 7 = 11/(2tt 3 ). 

5 Connected Sum of 3-Manifolds 

The analytic torsion T an (T\H 3 ) can be expressed in terms of the Selberg zeta 
functions Z p (s). Let the flat bundle £ is acyclic. The Ruell's zeta function 
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in three dimension associated with closed oriented hyperbolic manifold M 
T\H 3 has the form 



p=0 



Z (s)Z 2 (2 + s) 



(5.1) 



The function 1Z x (s) extends meromorphically to the entire complex plane C 
[ j35fl . For the Ray-Singer torsion one gets |T 



[T an (T\H 3 )Y = TZ x (0) 



exp 



3tt J 



(5.2) 



In the presence of non- vanishing Betti numbers bj = bj(M) we have 



(b l -b )\[Z^(2)} 

[b \] 2 z[ bl - bo \i) 



[T an (T\H 3 )} 2 



exp 



and using Eq. (3.6) one obtains, 
Z sc (k) = \p2 r nk~ 



(b x -b Q )\(Z^(2)f 



(6 !) 2 zr -6o) (i) 



exp 



3tt J 



127T / 



(5.3) 



(5.4) 



In Chern-Simons theory the partition function for a connected sum 2JI 
Mi# M 2 # ... # M N can be written as follows 



Z(an) 



(5.5) 



The fundamental group for 3-sphere 7r 1 (S' 3 ) is trivial and M consists of a 
single point corresponding to A e . Since the Ray-Singer torsion is to be equal 
one (cf. |1|), using Eq. (5.1) we get Z sc (k) = y/27tk~ 3 / 2 . The partition 
function associated with the semiclassical approximation then takes the form 



ZscM 



k 3 



N 



2tt 2 



N 



(5.6) 



®Z ac (M e ) = V2nk-*®\K X{t) (0)\v, 
i=i i=i 

while in the presence of non- vanishing Betti numbers bje = bj (Me) one gets 



Z sc (Tl) = V2irk~ 



N 



1=1 



(bu-b M )\(4 w) (2)) 

(b m \yz^- hM) (i) 



exp 



1 



N 



12tt 



(5.7) 
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In the case of non-trivial characters bo(Me) =0. If 61 = then Eq. (5.2) 
holds. 

For trivial character one has bo = I (for any closed manifold) and b\ = 
for an infinite number of M = T\H 3 . The function lZ(s) has a zero at s = of 
order 4 |36|]. However, there is a class of compact sufficiently large hyperbolic 
manifolds which admit arbitrarly large value of b\(M). Sufficiently large 
manifold X contains a surface S whereas tti(S) is infinite and tti(S) C 7Ti(X). 
In general, hyperbolic manifolds have not been completely classified and 
therefore a systematic computation is not yet possible. However it is not the 
case for sufficiently large manifolds, classification of which we mention here. 
These manifolds give an essential contribution to the partition functions (5.4) 
and (5.7). 

It is known that any 3-manifold can be triangulated, and hence can be 
partioned into handles. Since the existence and uniqueness of a decompo- 
sition of an orientable manifold as the sum of simple orientable parts have 



been established (see p7|, |38fl), the question of homeomorpy can be considered 



only for irreducible manifolds. The method proposed by Haken |39[ permits 
to describe all normal surfaces of a 3-manifold X which has been partioned 
on handles previously. The Haken's theory of normal surfaces was further 
verified for the procedure of geometric summation of surfaces. As a result 
the classification theorem pi says: there exists an algorithm for enumerat- 



ing of all the Haken manifolds and there exists an algorithm for recognizing 
homeomorphy of the Haken manifolds. 



6 Conclusions 

We have derived explicit formulae for the semiclassical approximation for the 
Chern-Simons partition functions, using the invariant integration method. 
The resulting expressions are explicitly evaluated for gauge group SU (2) and 
manifold T\H 3 . Manifolds with boundary and L 2 — topological torsion of 
such manifolds has been discussed briefly. It will be interesting to obtain the 
exact formulae for the partition function (and for the partition function of 
connected sum of manifolds) in the large k— limit for more complicate situ- 
ations, e.g. when a discrete group F contains elliptic or parabolic elements, 
and for gauge groups other than SU(2). We hope that proposed discussion 
of the topological invariants will be interesting in view of future applications 
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to concrete problems in quantum field theory. 
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